This paper deals with the problem of cooperative attitude tracking with time-varying communication delays as well as the delays between inter-synchronization control parts and self-tracking control parts in the spacecraft formation flying. First, we present the attitude synchronization tracking control algorithms and analyze the sufficient delay-dependent stability condition with the choice of a Lyapunov function when the angular velocity can be measured. More specifically, a class of linear filters is developed to derive an output feedback control law without having direct information of the angular velocity, which is significant for practical applications with low-cost configurations of spacecraft. Using a well-chosen Lyapunov-Krasovskii function, it is proven that the presented control law can make the spacecraft formation attitude tracking system synchronous and achieve exponential stability, in the face of model uncertainties, as well as non-uniform time-varying delays in communication links and different control parts. Finally, simulation results are presented to demonstrate the effectiveness of the proposed control schemes.
Introduction 1
Spacecraft formation flying (SFF) is a perfect concept providing the theory of distributing a large spacecraft assignment to several simpler, cheaper and smaller spacecraft to get better space mission performance in the future. Motivated by the development of the synthetic aperture technology, the formation satellites need to synchronize their attitudes and angular velocities while tracking the desired attitude and angular velocity. So the SFF attitude synchronization problem receives more and more attention [1] [2] [3] [4] [5] [6] in recent years.
However, the attitude quaternion is measured by the navigational instruments such as sun sensors and star trackers, and the angular velocity is measured by gyroscopes with Kalman filter modifying the gyro-drift. It would make sense for the practical application by only using the measurement of sun sensor or star tracker to design control law, which can save the cost of gyroscopes and reduce the computational press of the Kalman filter. Several researchers [7] [8] [9] [10] [11] [12] proposed attitude synchronization approaches without using any information of the angular velocity. Another practical problem in distributed coordinated control of SFF is how to design control laws including the neighborbased rules with the coupling delays between two spacecraft. References [13] - [15] considered consensus problem with time-delay. In addition, multi-agent consensus tracking with a leader was considered in Ref. [16] - [17] by employing an Lyapunov-Razumikhim functions. A first-order leaderless asynchronously consensus algorithm with unequal communication and input delays was studied in Ref. [18] , which is different with the synchronously coupled consensus algorithm in Refs. [15] - [17] . While, it should be noted that in these works (Refs. [13] - [18] ), besides nonlinear dynamics and kinematics system with time-delays is not consid-ered, the case that the velocity of agents cannot be measured in the SFF system with time-delay is also not mentioned.
The advantages of the proposed framework compared with the existing ones in literature are threefold. First, compared with Refs. [13] - [18] , the main contribution is focused on the synchronization attitude control in the presence of model uncertainties and time-delay without requiring explicitly velocity feedback. Second, the sufficient stability criteria contain the time-delay as adjusted parameters, namely, delay-dependent stability conditions, which are less conservative than the delay-independent stability conditions discussed in Ref. [2] and Ref. [19] . Thirdly, we also consider the time-delays between the inter-synchronization and self-tracking control parts which are not mentioned in Ref. [2] and Ref. [19] .
Mathematical Model and Preliminaries

Satellite attitude kinematics and dynamics
Attitude kinematics and dynamics of the ith satellite using quaternion are given by respectively denote the relative attitude and velocity error. To this end, the satellite attitude tracking error kinematics and dynamics can be described as [20] e e e 0 e e 1 1 2 2 
Note that it can be concluded from Eq. (2) that the ith satellite attitude tracking problem is equivalent to a stabilization problem for
In the following text, it is assumed that the scalar q 0ei !0, q 0d !0.
Graph theory
To model the communication topology among spacecraft in the formation, the following graph theory [21] is briefly introduced. A directed weighted graph is denoted as G=(N, E, A), in which N={n 0 , n 1 ,},n n } is a finite nonempty set of nodes and E N u N a set of unordered pairs of nodes. An edge (n i , n j )E denotes that node n j can obtain information from n i , then we can say that n i is called a parent of n j and n j is called a child of n i . If a directed path has the property that (n i , n j )E for any (n j , n i )E, the directed graph is called undirected. A weighted adjacency matrix A=[a ij ] R nun associated with G is defined such that a ij is positive if (n i , n j )E while a ij =0 otherwise. Here we assume that a ii =0, i .
In weighted digraph G, the out-degree of node n i is defined as deg out (n i )= 1 n ij j a ¦ . Let H be a diagonal matrix with the out-degree of each node along the diagonal and call it the degree matrix of G. The Laplacian matrix of the weighted digraph is defined as L=HíA. If there is a directed path from every node to every other node, the graph is said to be strongly connected (connected for undirected graph).
Lamma 1 [13] If the graph G is strongly connected, then its Laplacian matrix L satisfies the following conditions:
1) rank(L)=ní1.
2) Zero is one eigenvalue of L, and 1 n defined as 1 n =[1 1 1] T is the corresponding eigenvector.
3) The rest ní1 eigenvalues all have positive realparts. If the graph G is undirected, they are all positive and real in particular.
Attitude Synchronization Tracking Control La Design with Uniform Constant Timedelays
Taking into account the full nonlinear model, the occurring delays not only form the information received from neighbors but also between the inter-synchronization control parts and the self-tracking control parts. We design the control law based on Lyapunov's direct method. Here after we assume that all of the vectors in each control law have been appropriately transformed and represented in the same coordinate frame. Then, the control law for the ith satellite in the formation is chosen as 
where k i , Ȗ, a ij are the scalar control gains, and
are the constant time-delay between the two control parts and communication delay between neighbor satellites respectively. In order to analyze the SFF attitude synchronization control problem, first of all, we define some matrices J, A, H, L, K R 3nu3n as follows:
We also define two state vectors Ȧ e T =[
. Then, the following statement can be concluded:
Theorem 1 Consider the system given in Eq. (1) with the control law in Eq. (3) under the ideal case d(t)=0. Assume that there exist scalar constants k i !0, Ȗ!0, and a ij =a ji =1, when the ith satellite and jth one communicate with one another; otherwise, they are set to be zero. If the undirected communication topology graph is connected, then the control gains and the tolerant bounds Ĳ 1max , Ĳ 2max of the time-delays can be chosen to satisfy
where P, RR 3nu3n are proper symmetric positive definite matrices. Moreover, the control gains and the tolerant bounds Ĳ 1max , Ĳ 2max of the time-delays also need to satisfy 11 12 2 2 21 22 closed-loop system can be evaluated through laborious yet relatively straightforward algebra and is given by
If the parameters of the control law Eq. (3) are chosen such that matrix M is positive definite, then V is negative definite, which implies that V is bounded and
by system Eq. (2). Moreover, integrating Eq. (8) from 0 to , we can get the conclusion that (q ei , Ȧ ei )L 6 2 Then by applying Barbalat's Lemma [22] , we can conclude
In this work, we analyze time delay-dependent stability problem, that is, the stability condition required on the control parameters is also dependent of communication delays and the delays between the two different control parts in Eq. (3). This extends the existing approach in Ref. [19] , in which the stability condition is independent of communication delay, thus the parameters of inter-synchronization control are restricted in a smaller range, which brings about some limitations to the effect of the attitude synchronization in the formation system. In addition, in this work, we also consider the time-delays between the inter-synchronization control parts and self-tracking control parts which are not mentioned in Ref. [19] .
Remark 2 According to Ref. [23] , the eigenvalues of L all have positive real-parts, except only one is zero. So it is easy to extend the result of Theorem 1 to the directed communication topology graph which has a directed spanning tree.
Delay-depending Attitude Synchronization Adaptive Control Law Design Without Using Direct Information of Angular Velocity
Under the conditions that there are time-varying non-uniform time-delays in the communication and different control parts, as well as without using the measurement of the gyroscope, a distributed control law designed for the attitude synchronization tracking problem is proposed in this section. We employ a group of first-order filters, because if not supplying the controller with the correct angular velocity, at least we need to provide enough information to solve the control problem. For small spacecraft with limited computational resources, this approach is favorable.
Lemma 2 [17] For any a 
ĭb.
Motivated by Ref. [7] and Ref. [24] , the following filter forced by the attitude error is given as e ( )
where the scalar constant Ȝ i !0 is defined and 
when the jth follower can receive messages from the ith one; otherwise, they are set to be zero. And the control parameters satisfy k i ( ) ( ) ( ) 0 0 0
and we denote
. Then we consider the following candidate of Lyapunov-Krasovskii function motivated by Refs. [25] - [27] . 
where F i is a positive scalar. 
which is a positive definite function provided that the control parameters satisfy p min
Notice that the Lyapunov function V i is chosen with the cross term involving z i and the angular velocity errors Ȧ ei considering the angular velocity error substituted by the output of the filter. The V i is also constructed with the integral terms and double integral terms of q ej , z j and ej q , j z which are LyapunovKrasovskii function form, in order to obtain the sufficient ranges of the communication time-delays and the time-delays between the inter-synchronization and self-tracking control parts. With the treatment of V , the following statement can be concluded: Theorem 2 Consider the system given in Eq. (2) with the control law in Eq. (9) ' ' y y (16) If the changing rate of the time-delays also satisfies
there exists a choice of the controller gains k i
d and the filter parameter Ȝ i such that the origin of the state space of the formation system as Eq. (2) 
Proof In view of Eq. (12), using Lemma 2, the time derivative of V along the trajectories of the system is 
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The parameters of the control law Eq. (10) are chosen such that
where 0df i (')dJ max z i is increasing function of ', also depending on J max , but not on the control and filter gains. Then it can be recognized that V * is positive definite and V is negative definite in B ' , if the parameters of the control law Eq. (10) are chosen to satisfy Eq. (15) and Eq. (20) . Moreover, for q 0ei !0, the following inequality holds:
0e 0e e 0 (1 ) (1 )(1 )
and thus the Eq. (14) satisfies the following chain of inequalities:
Since V is a decreasing function along the system trajectories, Eq. (21) ' ½°° ® ¾°°¿ y y (23) remain in the domain B ' for all t!0, provided that q 0ei !0 for all t!0. The latter condition is fulfilled when q 0ei is positive. In fact, q ei ' for all t!0 implies that q 0ei cannot change its sign. Hence V is negative definite in B ' , so the origin of the state space is exponentially stable [22] . That is to say,
Remark 3 In the simulation of the practical formation flying system attitude tracking problem, if the delays are greater than some bounds, the communication delays as well as the delays between the inter-synchronization and self-tracking control parts not only influence the attitude coordination convergence of the spacecraft, but also extremely increase the relative attitude steady state errors when the range of the parameters of control is restricted due to actuator saturation. In this work, we consider the delays as parameters in the analysis of the sufficient stability conditions, in order to give a relationship in Eq. (20a) between the tolerant bounds of delays and the parameters of control law, which makes sense in the practical formation synchronization system.
Remark 4
The condition of communication topology graph is bidirectionally stated in Theorem 2, and the parameters P ij , D ij of controller Eq. (10) are defined to describe the communication topology between the ith and jth spacecraft. In addition, the conditions of the control parameters in Eqs. (19) - (20) including P ij and D ij also imply the condition of the communication topology. In this case, the required communication graph is quite general, which has something in common with the analysis of the communication topology in the state feedback controller proposed in Ref. [2] .
Remark 5
According to the Schur [28] and It can be observed from these results that the distributed attitude synchronization control is able to reject model uncertainty, even if the three satellites have different physical parameters and different initial conditions. High relative control accuracy can also be achieved when there are non-uniform communication time-varying delays and delays between different control parts. The corresponding control torques on the spacecraft are shown in Fig. 4 , which is bounded by 2 N·m. Furthermore, note that the linear filter Eq. Fig. 5 . From the simulations, it can be obtained that the distributed control law considering time-delays could guarantee attitude synchronization without the require- Aeronautics 25(2012) [406] [407] [408] [409] [410] [411] [412] [413] [414] [415] No.3 ment for gyroscopes, which is significant for practical applications with low-cost configurations of spacecraft.
Conclusions
1) A state feedback attitude synchronization tracking control algorithms is proposed and the sufficient delay-dependent stability conditions are analyzed.
2) An adaptive control is investigated for the spacecraft attitude tracking consensus problem in a formation without the measurement of angular velocity. With the consideration of the non-uniform time-varying delays in information transformation and different control parts, a proper Lyapunov-Krasovakii function is chosen to prove that the control law can make the tracking system stable in the presence of model uncertainties.
3) Numerical implementation is performed to support the theoretical analysis, and the results demonstrate that the spacecraft converges to the desired attitude and angular velocity while keeping attitude consensus without the measurements of the angular velocity.
